Abstract. This paper investigates boundedness properties of certain classes of functions (which involve partial sums). The usefulness of the main results not only provide unification of results of Choi (where each of the results was proved rather independently), but also generates certain new results. Applications of our main results are pointed out briefly in the concluding section.
Introduction and preliminaries
Let A denote the class of functions f (z) normalized by f (0) = f (0) − 1 = 0, and analytic in the open unit disk U = {z : z ∈ C, |z| < 1}. Then f (z) can be expressed as (1.1) f (z) = z + ∞ n=2 a n z n .
Let us denote by M (α) and N (α) two subclasses of the class A, which are defined (for α > 1) as follows:
(1.2) M (α) = f : f ∈ A ; zf (z) f (z) < α (z ∈ U; α > 1) , and (1.3) N (α) = f : f ∈ A ; 1 + zf (z) f (z) < α (z ∈ U; α > 1) .
The classes M (α) and N (α) were studied recently by Owa and Nishiwaki [3] , and also by Owa and Srivastava [4] . In fact, for 1 < α 4/3, these classes were investigated earlier by Uralegaddi et al. [7] . It follows from (1.2) and (1.3) that (1.4) f (z) ∈ N (α) ⇐⇒ zf (z) ∈ M (α) .
If f, g ∈ A, where f (z) is given by (1.1), and g(z) is defined by
then their Hadamard product (or convolution) f * g is defined (as usual) by
Suppose the functions φ(z) and ψ(z) are given by
where λ n µ n 0 for all n ∈ N\{1}). We say that f ∈ A is in S α (φ, ψ) provided that (f * ψ)(z) = 0, and
Several new and known subclasses can be obtained from the class S α (φ, ψ) by suitably choosing the functions φ(z) and ψ(z). We mention below some of these subclasses of S α (φ, ψ) consisting of functions f (z) ∈ A. Indeed, we have
and the relationships
A similar type of a subclass Λ α (λ) involving the Ruscheweyh operator D λ (see [6] ), defined by (1.10) above, was also considered by Ali et al. [1] , whereas, the subclasses M (α) and N (α) are the known classes ( [3] ) defined by (1.2) and (1.3), respectively. Let
be a sequence of partial sums of an analytic function of the form (1.1).
In [2] , Choi investigated lower bounds on
for M(α) and N (α), and gave independent proofs of his main results. In this paper we find similar bounds for functions belonging to a general class S α (φ, ψ). Application of our results not only yields the results of Choi [2] , but would also lead to some new results. One of such new results is deduced in the concluding section. Before stating and proving our main results, we derive a sufficient condition giving the coefficient estimates for the function f (z) to belong to the aforementioned class S α (φ, ψ). The result is contained in the following: Proof. Let the condition (1.14) be satisfied for the function f (z) ∈ A. It is sufficient to show that
We note that
The extreme right side expression of the above inequality would remain bounded by 1 if
which leads to the desired inequality (1.14). This completes the proof. and z ∈ U. If f (z) ∈ A satisfies the coefficient inequality (1.14), then (under the hypotheses of Lemma 1.1)
The result is sharp for every N, with the extremal functions given by
Proof. We prove (2.1). The proof of (2.2 ) is similar and will be omitted. We may set
By putting values of f (z), f N (z) and simplifying, we obtain
, so that w(0) = 0, and we find that
This will hold if we show that left-hand side of (2.4) is bounded above by (1.14)). This is equivalent to showing that
We observe that the first term of the first series in (2.5) is positive if
which is an increasing sequence for all k ∈ N \ {1}, in view of the conditions that λ n > µ n > 0; µ n and λn µn are nondecreasing sequences, and α is such that 1 < α
µ2 . This obviously implies that all the other terms in the first series remain positive. Also, the first term of the second series in (2.5) vanishes, and all other terms of this series are positive. Thus if and z ∈ U. If f (z) ∈ A satisfies the condition (1.14) (under the hypotheses of Lemma 1.1), and also if the sequence
is nondecreasing, then
.
The results are sharp for every n ∈ N, with the extremal functions given by (2.3).
Proof. We prove (2.6). The proof of (2.7) is similar and will be omitted. We may set
Putting the values of f (z), f N (z), we get
which will hold true if we show that the left-hand side of (2.8) is bounded above by (1.14)). This is equivalent to showing that
This is true due to the condition implied on α, and the increasingness of the sequence
Applications
In this section we shall consider some applications of our main results (Theorems 2.1 and 2.2). By appealing to (1.9), and comparing the functions φ(z) and ψ(z) according to (1.10), we note that the sequences λ n and µ n are, respectively, given by
and
We observe that the sequence 
The result is sharp for every N, with extremal functions given by
Similarly, by selecting the functions φ(z) and ψ(z) in (1.9) according to (1.11) and (1.12), we are led to the following results: Corollary 3.2. Let 1 < α 3/2 and z ∈ U. If f (z) ∈ A satisfies the coefficient inequality
The result is sharp for every N, with extremal functions given by 
